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In 2006, the von Kérman sodium (VKS) experiment was able to produce a dynamo effect
using liquid sodium driven by two counter-rotating impellers in a cylindrical cavity. We ana-
lyze simulations of this setup both in growth and saturated dynamo regimes using the Proper
Orthogonal Decomposition (POD). In the growth phase, the magnetic field generated is essen-
tially an axial dipole supplemented with secondary structures which are shown to be emerging
from the a-effect. The most surprising result is found in the saturated phase, where the mag-
netic field feedback breaks the symmetry of the velocity field even though it is in an exactly
counter-rotating configuration.

Introduction.

Magnetic fields are omnipresent in the universe so that their study is crucial for
understanding the large-scale structures at stake, the interaction between celestial bodies
but also the apparition of life on the Earth. It is well-known, for instance, that the
Earth’s magnetic field has undergone several reversals over time, with a seemingly random
duration between each one. The solar magnetic field, on the contrary, is oscillatory
with a fixed period of approximately 22 years. A number of models have attempted to
study the mechanisms behind reversals, but we are still struggling to understand the
mechanisms behind those occurring on the Earth. Different attempts at reproducing
the phenomenon behind all these magnetic fields were successfully conducted: the Riga
experiment based on the Ponomarenko dynamo [1], the Karlsruhe experiment based on
the Roberts dynamo [2], both in the late 1990’s, and the von Kdrmén Sodium (VKS)
experiment in Cadarache, France, conducted from the 2000’s to 2010’s. The last one is
particular in that until now it is the only successful experiment without a constrained
flow and based on its highly turbulent state.

The aim of this paper is to perform a numerical analysis of the large-scale structures
emerging from a configuration which successfully produced dynamo instabilities during
the VKS experiments.

1. Governing equations and numerical setup.
In the general incompressible setup, without external forcing and in their dimen-
sionless form, the magnetohydrodynamics (MHD) equations read as follows:

ou 1,
E—i—(u-v)u——VP—i—@Vu—kaB, V-u=0, (1)
and 0B 1 1 B

with u being the velocity field, P the pressure, B the magnetic induction field, J the
electric current density, p, and o, accounting for the space and time variation of the
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magnetic permeability and electrical conductivity and defined through pu = pou, and
o = ogoy (with pg being the vacuum magnetic permeability and o the sodium electrical
conductivity), and, finally, Re = wREyl /v and Rm = WREYWOUO being the kinetic and
the magnetic Reynolds number, respectively, defined by the rotation frequency w of the
impellers and by the radius Ry of the cylinder. Equations (1)—(2) are simulated using
cylindrical coordinates with the code SFEMaNS (for Spectral/Finite Element code for
Maxwell and Navier—Stokes equations) which is an in-house massively parallelized code.
It decomposes the azimuthal direction into Fourier modes and uses finite elements in
the meridional planes [3]. The von Kérmédn setup modelled here has an aspect ratio,
height over cylinder radius, H/Rc,1 = 2, uses two unscooping exactly counter-rotating
impellers fitted with 8 blades (called TM73) as in the actual experiment [4], and has an
exterior copper wall. The setup is denoted as R in Fig. 6 in [5]. These impellers are
modelled by means of a pseudo-penalty technique [6]. Most importantly, the impellers
are made of soft iron with high relative magnetic permeability, modelled by p, = 50 in
our simulations. Indeed the presence of soft iron somewhere in the rotating impellers has
proved to be an essential experimental asset [5] to have a low enough threshold Rm® for
the system to exhibit dynamo. The role of this material was also considered in kinematic
dynamo simulations [7, 8]. The high value of u, has in fact been shown to lower the
dynamo threshold to a point where it could be reached by experiments in [9].

In this specific setup, simulations are parallelized on 64 Fourier modes and 3 merid-
ional sections which contain in total around 60000 nodes, therefore, requiring 192 CPUs.
We use a time-step d¢t = 0.00125. An MHD simulation is initialized with an already
statistically stationary velocity field and a low magnitude magnetic field with random
seed. Following [10], we will consider the configuration (Re, Rm) = (1500, 150) which is
indeed above the dynamo threshold in the configuration used [9].

2. Basics of proper orthogonal decomposition (POD).

Applied on statistically stationary fields, POD [11] allows separation of variables of
a time and space dependent field f(¢,2) on modes which are orthonormal with respect
to the usual Euclidean norm. It reads:

f(t,x) = Zan,t (bac,na
<¢~,n|¢-,m> = 5n,ma

(3)

with ¢, being the POD modes, a, ¢ their time-amplitude, and 6, ,, the Kronecker
symbol. Then the amplitudes a,, ; being uncorrelated, we find that their mean value over
a specific time-window ', {(a, ¢ am7t>T = 0p,m A, can be interpreted as the energy of the
n-th POD mode among the total energy <fQ f2>T = >, An. Finally, rearranging the
labels n in the decreasing order of mean energy allows us to find the dominant structures
in terms of energy. In this paper we use the method of snapshots [12] with a sampling
time dt = 1 to preserve us from any stroboscopic effect related to the impellers’ period of
rotation At = 27. As explained in [13], it is possible to augment the data by applying the
symmetry of the system to our snapshots. In the exactly counter-rotating configuration,
the geometry is R, -symmetric [14], i.e. it is invariant under a rotation of m over a
horizontal axis going through the cylinder’s center. In addition, considering the TM73
impellers with 8 blades, the geometry is invariant under the rotations 0 — 6 + k27 /8
for any integer & which we write Si. In the following, we consider R, -symmetry and
invariance under Sy.
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Introducing these symmetries within our snapshots forces the POD modes to be
either symmetric or antisymmetric with respect to the specific R,-symmetry. On the
one hand, we expect the mean component of the flow to be dominantly axisymmetric
and R.-symmetric, as shown in [15]. On the other hand, the introduction of the Sy
symmetry will make it possible to separate the even and odd Fourier modes (mp), which
is useful for separating the axisymmetric mgp = 0 modes and the mp = 3 modes resulting
from the Kelvin—Helmholtz instability [9, 14].

As the magnetic energy reads F, = %B -H with B = pou,H, so that B # H within
the impellers, applying POD to B or H gives mathematically different results. Since we
are more interested in the bulk dynamics rather than in that of the impellers, we choose
to apply POD to H rather than to B. In the following, ¢, and 1y, label the n-th POD
modes of u and H, respectively, and their associated time-amplitudes are a,, and b,,.

3. Application of POD to u and H in the growth phase.

In this section, we apply POD to the velocity field and magnetic field during the
growth phase. Because in this regime the magnetic field is exponentially growing, we
cannot apply POD directly as later times H snapshots would bias the statistics. So, in
this section, each snapshot of H is normalized by its Ly norm to get rid of this exponential
growth, and this new field is denoted as Hy. In the following, 9y, is the n-th POD
mode of Hy. As the flow is fluctuating, the magnetic field cannot be strictly written as
H(t,x) = eMH,(x), but would be better described by H(t,x) = e*+t"IHy (t,x) with
Hy of norm 1 and 7 a time-dependent fluctuation such that (n(t)) = 0. Therefore,
studying Hy allows us to investigate the time fluctuations of the dominant eigenmode.

The results displayed in the following are computed using 400 snapshots from the
growth phase to which are added their Sy rotated samples. Then we apply R,-symmetry
and get a total of 1600 snapshots. Fig. 1 shows the POD spectra of u and Hy. Fig. 2
shows the Fourier spectra of a few POD modes obtained by computing the amplitudes
of the Fourier components and multiplying them by the average energy contained within
each POD mode. We give a brief explanation of the results on u following the more
detailed analysis of [15]. The ¢, mode (76.1% of u’s energy) is R,-symmetric (Fig. 1la),
dominated by its axisymmetric component (Fig. 2a) and with the amplitude oscillating
around a non-zero mean value (Fig. 3a). It is, therefore, the mode containing the veloc-
ity’s mean-field. In the 2D representation of its axisymmetric component (Fig. 4a), we
can recognize the two cells driven by the counter-rotating impellers [16]. Next ¢, and ¢,

® Rp-symmetric POD modes 10° 4 ® Rp-symmetric POD modes
A Rp-antisymmetric POD modes A Rp-antisymmetric POD modes

107!

average energy of POD mode
average energy of POD mode

0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
POD mode POD mode

Fig. 1. POD spectra (average energies in the time window studied) in the growth phase at
Re = 1500, Rm = 150, i = 50. (a) POD spectrum of u. (b) POD spectrum of Hy.
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Fig. 2. Fourier spectra of the main POD modes in the growth phase at Re = 1500, Rm =
150, ur» = 50. Note that the spectra have either odd or even Fourier modes but never couple
the two. Modes with circles (resp. triangles) are Rr-symmetric (resp. Rr-antisymmetric). (a)

POD modes of u. (b) POD modes of Hy.
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Fig. 3. Time evolution of the main POD modes in the growth phase (only the time window
without data-augmentation is displayed). (a) POD modes of u. (b) POD modes of Hy.

(gathering 8.2% of u’s energy) are dominated by mr = 3 (Fig. 2a). As explained in [15],
these modes are associated with the Kelvin—Helmholtz instability occurring around the
shear layer at z = 0 [14]. Since this major instability of the von Kérmén flow is due to
an odd Fourier mode, it justifies our choice to separate the Fourier components mp = 0
and mp = 3 by introducing the Sy symmetry. Their common structures (Figs. 6 and 10
in [15]), opposite symmetries (Fig. 1la) and amplitudes in quadrature (Fig. 3a) can be
interpreted as a rotation in time of the Kelvin-Helmholtz rolls. To continue, ¢4 and ¢,
(1.7% of u’s energy, not shown) are dominated by their mp = 8 component and are highly
localized within the 8 blades. It can be shown, assuming as observed that their time-
amplitudes are quadratic cosines and sines, that their common structures and individual
symmetries sum up to waves propagating clockwise in the upper half of the cylinder and
anti-clockwise in the lower half when looking from above, as expected for unscooping
counter-rotating impellers. Eventually, ¢ (0.57% of u’s energy) is Rr-antisymmetric,
dominated by its axisymmetric component (Fig. 2a) and shows a time-amplitude oscillat-
ing around 0. The axisymmetric component of this mode, illustrated in Fig. 4b, consists
of a large cell that occupies the entire volume. It is this component which breaks the
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Fig. 4. 2D representation of the main axisymmetric POD modes in the growth phase.

Panels (a) and (b) (resp., (¢) and (d)) have opposite symmetries and are the mean axisymmetric
components of u (resp. Hy). Colors represent the amplitude of the azimuthal component,
and 2D-vectors are composed of the radial and axial components. In the time window studied,
®zand Py, have time-amplitudes oscillating around 0.

R,-symmetry of the flow studied in [17] and which contains most of the flow’s angular
momentum [15]. Put altogether, these modes represent 86.6% of u’s energy.

We now perform the same analysis on Hy. The mode 1V  (79.9% of Hy's energy)
is Rr-antisymmetric (Fig. 1), dominated by its axisymmetric component (Fig. 2b) and
with the amplitude oscillating around a non-zero mean value (Fig. 3b). It is the mode
containing the growing axial dipole of the dominant eigenmode [9, 18]. Then ¥ ; and
Yo (5.7% of Hy's energy) are dominated by mp = 3 (Fig. 2b). Here the analysis
regarding quadratures, symmetries and, therefore, rotations is the same as above for
u. Interestingly, Fig. 3 suggests that these two modes give rise to a rotation which is
synchronized with the Kelvin—Helmholtz rolls observed in u. It can be explained by
adapting the idea of POD Galerkin [19] as follows: in the ideal case, where the growing
magnetic field’s time-derivative is dominated by the exponential growth with growth-rate
A, the induction equation can be rewritten as

ABszX(uxBN)—RLmVX (ivX (BN>>

Oy for

with By ~ Hy within the bulk. Then projecting onto the ¥y, and neglecting the
17
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Ohmic dissipation, we find b; ijk bjarK;ji. The tensor

Kiji = (W |V x (b), x By ;)

can be interpreted as the energy sent from ¢, to Py ; mediated by ¥ ;. Contrary to the
usual POD Galerkin, the relations given by projections are equalities between the time-
amplitudes and not ODEs. In the case ¢ = 1 (resp. i = 2), the numerical calculations
show that the dominant contributions arise from Kjg; (resp. Kap2): in other words,
&, (resp. ¢y) gives energy to Py ; (resp. Py ) by interacting with the growing axial
dipole ¥y . This is not surprising since we expect a highly helical velocity field around
z = 0 due to the Kelvin—Helmholtz vortices and, therefore, an a-effect with the opposite
sign to the one occurring at z near the blades [20]. This amounts to the conversion of a
poloidal component 1 o into mainly toroidal components Py ; and P 5.

Then Py 3, Py 4, '1|)N)5 and Py (3.8% of Hy's energy, not shown in Figs 2b
and 3b) are dominated for the first two by their mp = 8 component and the last two by
their mp = 16 component. They account for the time and space variation of u, within
the impellers and are analogous to those encountered in u. Eventually, V¥ ; (0.4% of
Hpy'’s energy) is R -symmetric, dominated by its axisymmetric component (Fig. 2b),
and shows a time-amplitude oscillating around 0. This mode is, in analogy with ¢
for u, a symmetry-breaking mode of the dominant component of the eigenmode. We
found from Galerkin projections that this mode emerges from the interaction between
the dominant axisymmetric modes of u and Hy, but also from the interactions of all
POD modes carrying mg = 3 Fourier components. As shown in Fig. 4d, its axisymmetric
component displays a cell in each half of the domain with opposite rotations, pointing
to a dominant quadrupole. In general, these modes represent 89.8% of the energy of the
growing eigenmode.

4. Application of POD to u and H in the saturated phase.

In this section we apply POD to the velocity field and to the magnetic field during
the saturated phase. The results are computed using 600 snapshots from the saturated
phase, to which are added their Ss-rotated samples. Then we apply R,-symmetry and
get a total of 2400 snapshots. As seen in Fig. 5, u and H are dominated by, respectively,
an R, -symmetric and an R -antisymmetric POD mode. The mode ¢ gathers 78.5% of
u’s energy and P, 86.65% of H’s energy. According to Fig. 6, these modes are dominated
by their axisymmetric components. Their spatial structures in Figs. 8a and 8c are similar

10-1 ®  Rp-symmetric POD modes ® Rp-symmetric POD modes
A Rp-antisymmetric POD modes A Rp-antisymmetric POD modes
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Fig. 5. POD spectra (average energies in the time window studied) in the saturated phase
at Re = 1500, Rm = 150, ur = 50. (a) POD spectrum of u. (b) POD spectrum of H.
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Fig. 6. Fourier spectra of the main POD modes in the saturated phase at Re = 1500, Rm =

150, ur» = 50. Note that the spectra have either odd or even Fourier modes but never couple

the two. Modes with circles (resp. triangles) are Rr-symmetric (resp. Rr-antisymmetric). (a)

POD modes of u. (b) POD modes of H.

to those from Figs. 4a and 4c¢ in the growth phase. Next ¢, (8.16% of u’s energy) and
P, (2.05% of H’s energy) have opposite symmetry in comparison, respectively, with ¢,
and P, (Fig. 5) and are dominated again by their axisymmetric components (Fig. 6).
Contrary to the symmetry-breaking components ¢ and ¥y ; from the growth phase,
these POD modes, which have gained a lot of importance since the growth phase, have
time-amplitudes which are oscillating around non-zero values (Fig. 7). As a result, the
mean fields of both u and H do not display pure symmetries as in the growth phase.
Also Figs. 8 and 8d show, respectively, one cell and two cells for u and H, the two
being interpreted as a dipole and a quadrupole. We note that the quadrupole in H is
geometrically similar to the one sketched for instance in [21, 22]. They differ from Fig. 4,
which shows how the feedback of H on u changes the flow pattern. Regarding u, the
addition of a quadrupole and an axial dipole can be interpreted as a vertical shift of the
shear layer which is not located at z = 0 anymore: the R, -symmetry of the mean flow is
broken even though there is, on average, no injection of angular momentum in the exactly
counter-rotating configuration. To visualize this, we summed the space-contributions of
¢, and ¢, at the fixed time ¢ = 200 from Fig. 7a and plotted streamlines colored by

Amplitudes of POD modes
Amplitudes of POD modes

T T T T T -0.05 T T T T T
0 100 200 300 400 500 0 100 200 300 400 500

Fig. 7. Time evolution of the main POD modes in the saturated phase (only the time window
without data-augmentation is displayed). (a) Time evolution of the main POD modes of u. (b)
Time evolution of the main POD modes of H.
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Fig. 8. 2D representation of the main axisymmetric POD modes in the saturated phase.

Panels (a) and (b) (resp. (c¢) and (d)) have opposite symmetries and are the mean axisymmetric
components of u (resp. Hy). In the time window studied, ¢; and 1; have time-amplitudes
which do not average to zero.

the z-amplitude in Fig. 9a. While we do recognize the two cells with opposite azimuthal
components, it is clear that the shear layer’s position is displaced towards the negative
z. This shift has a different impact on H. Indeed, the relative energy of the symmetry-
breaking component of u with respect to its mean-field is 1/10, while it is 1/40 in the
case of H. As a result, the quadrupole in H is not strong enough to create a visible shear
layer, i.e. to create a region, where both vertical contributions cancel out. But plotting
streamlines as for u, we can see in Fig. 9b that the maximum vertical magnetic field is
not localized at z = 0 but is slightly shifted towards the negative z, as expected when
summing the two contributions from Figs. 8¢ and 8d with positive time-amplitudes (at
t = 200 in Fig. 7b). This shift is also in agreement with the experimental observations
reported in [18].

Continuing the POD analysis, we see that both u and H display four highly-energetic
POD modes dominated by their mp = 3 mode (Fig. 6): ¢, ¢35, ¢, and Pp; accounting
for 5.11% of the u’s energy, and V,, b5, by and Py accounting for 2.95% of the H’s
energy. Indeed, regarding the velocity field, since the Kelvin—Helmholtz rolls are pro-
duced by the strong velocity gradients from the shear layer, they should also be vertically
shifted. Heuristically, combining two POD modes in the growth phase leads to a degree
of freedom in . Multiplying again by 2 the number of POD modes adds another degree
of freedom, this time in z. Then, assuming that the mechanism producing the myp = 3
modes in H is similar to the one studied in the growth phase, the a-effect is stronger
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(a) Sum of the dominating (b) Sum of the dominating
axisymmetric POD modes of u. axisymmetric POD modes of H.

(¢) Sum of half of the dominating (d) Sum of half of the dominating
mp = 3 POD modes of u. mp = 3 POD modes of H.

Fig. 9. Streamlines representation of the dominating POD modes of u and H in the saturated
phase. The grey cylinder delimits the domain in which the fluid is free to move. The planes
have equations (a) y = 0, (b) 2z = 0, (¢) z = —0.25 and (d) z = —0.3. Planes of (¢) and
(d) are taken approximately at the u shear layer altitude. POD modes are summed with their
respective time-amplitudes at ¢ = 200. Note that the quadrupole in H is too weak to actually
produce a shear layer in H, but that it does displace the maximum of H,.. Lines are colored by
their z-component.

close to the shear layer, therefore, shifting vertically the Kelvin—Helmholtz rolls in H
in the same manner as for u. Looking at Fig. 7, we notice that the time-amplitudes
can gather two by two the POD modes of both fields. For instance, up to some fluc-
tuations, we can consider the sum of modes ¥, and 5 on the one hand, and P4 and
Py on the other hand, instead of considering the four modes individually. The reason
why POD calculations give them separately is their opposite R;-symmetry highlighting
again the spontaneous breaking of this symmetry. Therefore, to visualize streamlines, it
makes sense to plot ¢, + ¢ 5. Doing the same for ¢, + 5 gives similar results since, in
practice, (¢ + ¢3) and (P, + P5) show common features characteristic of a rotation
in 0 [15]. Following this, we plot streamlines of the sum of ¢, with ¢5 at ¢ = 200 in
Fig. 9c and the sum of 14 with {4 in Fig. 9d at t = 200. As expected it results that the
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structures are not centered on z = 0 but rather shifted towards negative z.

If we reason about u, the same being doable about H, assuming perfect equalities
between as = az and a4 = as, the sum of all four POD modes gives rise to a physical
field whose only degrees of freedom are the angle 6 and its magnitude such as for the
mp = 3 components in [15]. Substracting fluctuations as — a3 = v (t) gives the possibility
of a variation in position along z as well as a modulation in the field structures which
are left for future study.

Eventually the velocity and magnetic fields show POD modes dominated by az-
imuthal Fourier modes multiple of 8 (located inside the blades): the POD modes ¢y,
¢, Py, and P4 are dominated by their mp = 8 components and P, and Pg are domi-
nated by their mp = 16 components (not shown), the interpretations remaining the same
as in the growth phase. These modes account for 0.92% of the u’s energy and 3.5% of
the H’s energy.

In summary the first eight modes of u and ten modes of H account for, respectively,
92.7% of u’s energy and 95.2% of H’s energy. Comparing with the values found in
the growth phase, we note that, in a sense, saturation of magnetic energy weakens all
fluctuations that most of the energy is captured by a small number of POD modes,
suggesting that it may be possible to obtain correct descriptions of these fields with few
degrees of freedom.

5. Conclusion and discussion.

In this study, we applied POD on the symmetric VKS setup with soft-iron impellers
to understand its large-scale structures. We studied the growth and the saturated phases
of the dynamo regime at (Re, Rm) = (1500, 150). In the growth phase we were able to
understand the variations of the dominant eigenmode and how u transfers its mp = 3
structures to H. Our study in the saturated regime shows that the magnetic field’s
feedback on the velocity field has a profound impact on the system’s structure though
the most energetic POD modes remain roughly unchanged. The main result, which was
unexpected in the exactly counter-rotating configuration, is that the velocity’s shear layer
is displaced vertically from z = 0. The mean magnetic field is modified in the sense that
it is no longer strictly Rr-antisymmetric on the average. It is very well described by a
decomposition into a dipole 1\, the same as the one growing in the growth phase, and
a quadrupole 1, which cannot be compared to any POD mode from the growth phase.
Meanwhile, the velocity field still manages to pass its Kelvin—Helmholtz roll-structure to
the magnetic field, and these structures are now described by four distinct POD modes,
which is a sign of a vertical shift coordinated with that of the shear layer, as expected.
Future work should aim to understand the origin of this vertical shift given that there is
no injection of angular momentum. It would be also interesting to confirm this behavior
for higher Re especially in the saturated phase since it is known that the velocity field’s
structure does not change too much [15], which, in turn, should not affect the growth
phase.

If this is indeed the case, it would have important implications regarding the sev-
eral regimes that were experimentally characterized by asymmetric forcing with different
impeller frequencies Flower 7 Fupper [22]. It would also mean that, as briefly mentioned
in [23], the path that is taken to certain parameters (Fiower, Fupper) is crucial. Indeed,
here we studied the (F,F) system and it is likely that if we rerun it from (F+f, F) or
(F, F+f), we would obtain two different results. Although the two systems are theoret-
ically symmetrical with respect to each other, we would probably obtain a displacement
of the shear layer towards z = 0 in the first case and towards the lower impeller in the
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second case, which would, therefore, leads to potentially four equilibrium positions from
which we could obtain two physically different situations that open the way to hysteresis
or bistability. An interesting tool to achieve this behavior would be POD Galerkin [19].
Indeed, the decomposition of a magnetic field into a dipole and a quadrupole is often used
when building low-dimensional systems [24, 25], which is a sign that POD Galerkin might
be efficient in this situation. But to do this, it will be necessary to take into account the
variation in space and time of pu,, which is known to be fundamental to understanding
energy transfers [10].

Acknowledgements. This work was performed using HPC resources from GENCI-
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