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This work considers the translation of a solid sphere in a conducting Newtonian liquid, bounded
by a cylindrical solid and motionless tube with a radius R, subject to a prescribed ambient
magnetic field B. The sphere, with a radius a, has its center located on the tube axis which is
parallel to bothB and the sphere velocity. Assuming vanishing Reynolds and magnetic Reynolds
numbers, the liquid flow about the sphere, axisymmetric and without swirl, obeys quasi-steady
Stokes equations with a Lorentz body force. The stress arising on the sphere surface and the
liquid flow are here obtained by truncating the fluid domain, solving coupled boundary-integral
equations for the stress axial and radial components and using integral representations for the
flow pressure and axial and radial velocity components. A boundary element method is employed
to numerically get the drag exerted on the sphere and the flow about it. Both depend on the
tube normalized radius R/a and the problem Hartmann number Ha = a/d, where d is the
Hartmann layer thickness. The numerical implementation is presented and the computed drag
and flow patterns are reported for some settings (R/a,Ha). It is found that, in contrast to the
unbounded liquid case, the drag is weakly sensitive to Ha for small Ha and a region of reverse
flow takes place near the tube boundary.

Introduction.

Getting the magnetohydrodynamic (MHD) flow about a solid body moving in a
conducting, unbounded and quiescent Newtonian liquid subject to a given uniform and
steady ambient magnetic field B = Bez is a cumbersome task [1, 2]. Actually, this
flow and the electric and magnetic fields in the liquid are coupled through the unsteady
Navier–Stokes and Maxwell equations by the Lorentz body force. For a liquid with
uniform density ρ, conductivity σ > 0, viscosity µ and magnetic permeability µm the
problem key numbers are the Reynolds number Re = ρV a/µ, the magnetic Reynolds
number Rm = µmσV a and the Hartmann number Ha = a/d, where a is the body length
scale, d = (

√

µ/σ)/|B| is the Hartmann layer thickness [3] and V is the velocity scale.
Assuming a body with a magnetic permeability µm and Rm ≪ 1, the magnetic field in
the liquid is then B (see [4]). Moreover, if the flow is axisymmetric about an axis parallel
to B and without swirl, there is no electric field in the liquid [1, 5]. For Re ≤ O(1) one
can cite [6], where the steady flow and drag on the sphere are obtained in both Stokes
and Oseens limits. Moreover, the MHD flow about the sphere has been numerically
investigated (wake, transition) in [7, 8] for Re in the range [10,150]. In this range of Re,
the flow is either steady or unsteady, depending on (Re, Ha). For Re ≪ 1, the flow is
quasi-steady with a velocity u and a pressure p subject to the Stokes equations with a
Lorentz body force fL = σ(u ∧ B) ∧ B. The resulting MHD flow about a sphere with
radius a translating parallel to B was obtained for small [9], large [10] and arbitrary [11]
values of the Hartmann number Ha. This work considers a solid sphere, still translating
parallel to B, immersed in a fluid bounded by a solid and motionless cylindrical tube
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Fig. 1. A solid insulating sphere, with center O, translating in a conducting fluid bounded
by a cylindrical solid and motionless tube with the axis (O, ez. The uniform ambient magnetic
field B and the sphere velocity U are parallel to the tube axis.

with its axis parallel to B. This case is solved using the boundary approach introduced
and worked out in [11].

1. Addressed axisymmetric problem and asymptotic result.

This section presents the governing problem and derives a useful estimate at small
Hartmann number.

1.1. Governing equations and drag coefficient. As shown in Fig. 1, consider a
solid sphere with center O, radius a and surface S translating at the velocity U = Uez in
a quiescent and conducting Newtonian liquid bounded by a motionless cylindrical tube
Σ with radius R > a and axis (O, ez).

The liquid has uniform density ρ, conductivity σ > 0 and magnetic permeability
µm. It occupies the domain D and is subject to the uniform magnetic field B = Bez far
from the sphere. Its flow, driven by the sphere motion and the Lorentz body force, has
the velocity u and pressure p. The far-field and no-slip conditions read

(u, p) → (0, 0) as |OM| → ∞ ,u = Uez on S and u = 0 on Σ. (1)

The flow Reynolds number Re and the magnetic Reynolds number Rm are thus defined
as in the Introduction taking V = |U |. Henceforth, inertial effects are neglected, i. e
Re ≪ 1. This latter condition results for a liquid in Rm ≪ 1 so that the magnetic
field is B in the liquid. Since the fluid flow is axisymmetric (about the tube axis) and
without swirl, there is no electric field (see the Introduction) and the Lorentz body force
is σ(u ∧B) ∧B. Accordingly, (u, p) satifies

µ∇2u = ∇p− σB2(u ∧ ez) ∧ ez and ∇.u = 0 in D . (2)

We shall use cylindrical coordinates (r, z, θ) with the identities z = x.ez, r = {|x|2 −
z2}1/2 ≥ 0 and θ ∈ [0, 2π] for any point x. Thus, x = rer + zez with a local unit vector
er = er(θ) shown in Fig. 1. Moreover, u(x) = ur(r, z)er + uz(r, z)ez and p(x) = p(r, z).
The flow stress tensor σ exerts on the sphere surface, with a unit normal n pointing
into the liquid, the stress f = σ · n = fr(r, z)er + fz(r, z)ez. Accordingly, the sphere
experiences no torque about its center and a force F parallel to U and adopting the
following form

F =

ˆ

S

σ · ndS = [2π

ˆ

C

fz(P )r(P )dl(P )]ez = −6πµaCdU, (3)

with C being the half-circle trace of S in the θ = 0 half-plane and Cd > 0 the drag
coefficient. Here, Cd = Cd(β,Ha), with β = a/R < 1 being the tube size parameter and
Ha = a/d the flow Hartmann number (see the Introduction). In addition, the normalized
velocity u/U and the pressure ap/(µU) solely depend on (r/a, z/a) and (β,Ha).
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1.2. Behaviour of the drag coefficient at small Hartmann number. When the
liquid is unbounded (β = 0), one gets Cd ∼ 1 + 3Ha/8 for small Ha [9]. For the present
tube case (β > 0), let (v(0), p(0)) be the pure Stokes flow obeying Eqs. (1)–(2) for σB2 = 0
(i.e Ha = 0) and U = 1. This flow exerts on the sphere the drag Cd(β, 0), which value is
given, with a 1 × 10−6 accuracy, in [14]. For small ǫ = Ha2, the flow (u, p) solution to
Eqs. (1)–(2) is expanded as u ∼ Uv(0) + ǫu(1) and p ∼ Up(0) + ǫp(1) with the (u(1), p(1))
solution to Eqs. (1)–(2) for U = 0 and u(1) replaced with Uv(0) in the right-hand side
of the first equation in Eq. (2). This flow (u(1), p(1)), with a stress tensor σ

(1), exerts
on the sphere the force F (1)ez. On the tube and sphere surfaces n is the unit normal
pointing into the liquid so that

F (1) =

ˆ

S

ez · σ
(1) · ndS =

ˆ

S∪Σ

v(0) · σ(1) · ndS = −
µU

a2

ˆ

D

[v(0) · er]
2dΩ. (4)

In Eq. (4) the last equality comes from a reciprocal theorem, with a body force for the
flow (v(1), p(1)), and all integrals exist since from [12] it turns out that v(0) exponentially
decays in magnitude for large |z|/a. The force F exerted on the sphere by the flow (u, p)
reads F ∼ −6πµaCd(β, 0)ez + ǫF (1)ez so that

Cd(β,Ha) ∼ Cd(β, 0) + αHa2 for Ha ≪ 1, α =
1

6πa3

ˆ

D

[v(0) · er]
2dΩ. (5)

For the tube case Eq. (5) shows that the drag increases with small Ha and is also less
sensitive to small Ha than for the β = 0 unbounded liquid case.

2. Advocated boundary method.

The treatment employed in [11] for the unbounded liquid consists in solving coupled
boundary-integral equations on the sphere half-circle trace C . This approach is used for
the tube case after truncating the liquid domain. For L > a the truncated liquid domain
DL has a boundary consisting of the sphere surface S, the |z| < L part ΣL of the tube
Σ and the z = −L and z = L circular cross-sections. The trace of ∂DL \ S in the θ = 0
half-plane is CL and for x(r, z) in DL the associated point in this θ = 0 half-plane is
M(r, z). Adopting the tensor summation notation for repeated indices α and β in {r, z}
and using [11, 13] then yields for (u, p) satisfying Eq. (1) and the far-field behaviour (2)
the following key integral representations

uα(x) = −

ˆ

C∪CL

[
Gαβ(M,P )fβ(P )r(P )

8πµ
]dl(P ) for α = r, z and x in DL ∪ ∂DL, (6)

p(x) = −

ˆ

C∪CL

[
Pβ(M,P )fβ(P )r(P )

8π
]dl(P ) for x in DL (7)

with the Green functions Gαβ(M,P ) and Pβ(M,P ) given versus z − z(P ), r, r(P ) and d
in [13]. By virtue of Eqs. (6)–(7) the flow is deduced from the knowledge of the stress
f = frer+ fzez on C ∪CL. The components (fr, fz) are obtained by enforcing on C ∪CL

the no-slip boundary conditions (2) for ur and uz. This yields
ˆ

C∪CL

[Grr(M,P )fr(P ) +Grz(M,P )fz(P )]r(P )dl(P ) = 0 for M on C ∪ CL, (8)

ˆ

C∪CL

[Gzr(M,P )fr(P ) +Gzz(M,P )fz(P )]r(P )dl(P ) = 0 for M on CL, (9)

ˆ

C∪CL

[Gzr(M,P )fr(P ) +Gzz(M,P )fz(P )]r(P )dl(P ) = −8πµU for M on C . (10)
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Inverting the boundary-integral equations (8)-(10) provides (fr, fz) on C ∪CL. The flow
(u, p) is subsequently gained in the truncated domain DL from Eqs. (6)–(7).

3. Numerical implementation and results.

This section addresses the numerical implementation and presents results for the
drag coefficient Cd and the flow.

3.1. Numerical implementation and convergence. Here quadratic curved bound-
ary elements are used on C ∪ CL to numerically invert Eqs. (8)–(10). Note that CL

consists of the trace Lt of the truncated tube in the θ = 0 half-plane and the end lines
L− and L+ made of points M(r, z) with 0 ≤ r ≤ R and z = −L or z = L, respectively.
Here we put Ns nodes on C , Nt nodes on Lt and Ne nodes on each end line (L− or L+)
so that the typical size of each boundary element is the same on the different curves.
One ends up with N = Ns + Nt + 2Ne nodal points on C ∪ CL and the discretized
counterpart of Eqs. (8)–(9) are enforced at each node, whereas EQ. (10) is only imposed
at the N − 4 nodes located off the r = 0 axis. Indeed, Eq. (10) is trivially satisfied on
the axis (because, see [13], Grr(M,P ) = Grz(M,P ) = 0 for r(M) = 0). For symmetry
reasons, one takes fr = 0 at each node (four nodes actually) on the (O, ez) axis. For
the given (β,Ha), the computed drag Cd and flow depend on L/a and the mesh. Some
values of Cd for a/R = 0.4 are given versus (L/a,Ha) in Table 1.

For this table Ne = 25, Nt = 101 + 20(L/a− 5) and Ns = 33(65) at Ha ≤ 1(> 1).
In agreement with Eq. (5), Cd remains for Ha ≤ 0.5 close to the value Cd = 3.591 given
in [14] for Ha = 0. In addition, the sensitivity to L/a is weak. A few results for L/a = 7.5
and some more refined meshes are reported in Table 2.

The values in Table 1 and Table 2 are consistent with a sufficient one percent relative
accuracy for the computed drag Cd. Finally, Table 3 summarizes the computed drag at
Ha = 0.01 for different tubes (with a very fine mesh) and the drag at Ha = 0 predicted
in [14].

3.2. Numerical results. It is worth considering the drag Cd(β,Ha) and the drag
normalized by its pure Stokes flow value C̃d(β,Ha) = Cd(β,Ha)/Cd(β, 0). For this work
Cd(β, 0) is provided in Table 3 from [14]. First, Cd and C̃ are plotted in Fig. 2 versus Ha
in [0,5] for β = 0, 0.4, 0.5. The drag Cd is seen in Fig. 2a to increase with Ha at the given

Table 1. Computed drag Cd for β = 0.4 and different values of L/a and Ha.

L/a Ha = 0.01 Ha = 0.1 Ha = 0.5 Ha = 1.0 Ha = 3.0 Ha = 5.0

5.0 3.593 3.594 3.613 3.672 4.214 5.054
7.5 3.595 3.595 3.615 3.673 4.213 5.027
10.0 3.596 3.597 3.616 3.675 4.215 5.029

Table 2. Computed drag Cd for β = 0.4 and L/a = 7.5 taking Ns = 64, Ne = 50 and
meshing [−L/a, L/a] with 151 (a) or 301 (b) nodes or meshing each interval [−L/a,−1], [−1, 1]
and [1, L/a] with 301 nodes (c).

Mesh Ha = 0.1 Ha = 0.5 Ha = 1.0 Ha = 3.0 Ha = 5.0

(a) 3.592 3.611 3.670 4.209 5.022
(b) 3.592 3.612 3.670 4.210 5.023
(c) 3.593 3.612 3.671 4.211 5.024
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Table 3. Drag Cd for Ha = 0.01 (present work) and for Ha = 0 [14].

β 0.4 0.5 0.6 0.7 0.8

Ha = 0.01 3.592 5.951 11.10 24.73 74.96
Ha = 0 3.591 5.947 11.09 24.68 74.67

β and decrease at the given Ha when β increases, i.e. as the tube size decreases. At the
given β > 0, the normalized drag C̃ is shown in Fig. 2b to comply with the theoretical
behavior (5). Moreover, C̃ decreases with increasing β at the given Ha.

The trends observed in Fig. 2 survive in Fig. 3 for the narrower tubes β = 0.6, 0.7, 0.8
except that curves in Fig. 3b now cross.

The flow velocity and pressure have been computed for the previous values of β > 0
and a few values of Ha. For conciseness, only the results for the axial and radial normalized
velocities ur = ur/U and uz = uz/U are reported for the β = 0.4 case (R/a = 2.5) and
Ha = 1, 5. The fluid domain is truncated taking L/a = 7.5 although the results are given
in the |z|/a ≤ 5 domain. The computed isolevel curves of the radial normalized velocity
ur are first drawn in Fig. 4 using the normalized coordinates r = r/a ≥ 0 and z = z/a.

Note that, due to symmetries, ur(r, z) = −ur(r,−z). Moreover, at the given Ha,
the quantity |ur| vanishes on both the tube and the sphere contour in virtue of the no-
slip boundary condition there. It also quickly decays away from the sphere center and

Fig. 2. Drag Cd (a) and normalized drag C̃d (b) for β = 0 (unbounded liquid, dashed line)
and β = 0.4(◦) and β = 0.5(•).

Fig. 3. Drag Cd (a) and normalized drag C̃d (b) for β = 0.6 (open squares), β = 0.7 (filled
squares) and β = 0.8 (solid line).
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Fig. 4. Isolevel curves of the normalized radial velocity ur for Ha = 1 (top) and Ha = 5
(bottom) for R/a = 2.5(β = 0.4).

remains small in the entire liquid domain. In addition, its largest value is reached in two
symmetric pockets located close the sphere. As Ha increases, those pockets extend away
from the sphere, i.e. both upstream (z < 0) and downstream (z > 0).

The isolevel curves of the axial normalized velocity uz are shown in Fig. 5. For
symmetry reasons, this time uz(r, z) = uz(r,−z). By virtue of the no-slip boundary
conditions, uz vanishes on the tube trace and is unity on the sphere half-contour. In
contrast to the case of the axial normalized velocity, in the z > 0 domain the quantity uz

changes sign and, therefore, vanishes in the liquid. More precisely, it is negative (region
of reverse flow when compared to the sphere translational velocity U) in a pocket located
near the tube boundary and the z = 0 section. As Ha increases, this pockets extends
away from the sphere. Note that for the unbounded liquid (case β = 0 addressed in [11])
one has uz ≥ 0 in the entire liquid domain. The above-mentioned reverse flow region is
due to the no-slip condition on the tube.

Additional flow patterns have been also computed for the more confined cases
β = 0.5, 0.6, 0.7, 0.8. For brevity, the obtained results are not reported. Actually, the
normalized velocities ur and uz exhibit the same trend as the ones presented here for
β = 0.4. As β decreases, the thickness of the region of reverse flow close the tube is seen
to decrease so that for a small normalised sphere-tube gape R/a− 1 one ends up in the
flow with a thin layer of negative normalized axial velocity uz. At a given location z in
the region between the sphere and the close tube uz changes sign when r decreases from
its value on the sphere contour to zero. There is a high shear ∂uz/∂r = ∂uz/∂r there and
non-trivial interactions with the Hartmann layer near the sphere contour. This feature
makes the flow computation more tricky.
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Fig. 5. Isolevel curves of the normalized axial velocity uz for Ha = 1 (top) and Ha = 5
(bottom) for R/a = 2.5(β = 0.4).

4. Conclusions.

An efficient and accurate boundary method is presented to calculate the drag exerted
on and the MHD axisymmetric flow about a sphere translating in a conducting liquid
bounded by a motionless solid cylindrical tube with the axis parallel to both the sphere
velocity and the ambient uniform magnetic field applied far from the sphere. The liquid
domain is truncated and the procedure reduces to the treatment of coupled boundary-
integral equations for the stress radial and axial components on the trace, in a half-plane,
of the truncated fluid domain boundary. It is then possible to obtain the fluid velocity
and pressure. The numerical implementation uses collocation points and the convergence
of the drag coefficient versus the truncation of the fluid domain, and the number of nodes
spread on the trace of its boundary is investigated. Moreover, the isolevel curves of the
flow normalized radial and axial velocity are reported for two values of the Hartmann
number and one tube size. These results (and the calculations for other settings) reveal
that, in contrast to the unbounded liquid case, the drag is weakly sensitive to small
Hartmann values and there is a reverse flow in the vicinity of the tube.
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